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Solution 1.

px, yq P tp0, 0q, p8, 6q, p�8,�6qu. The equation an be rewritten as

xpx2 � 37q � y3 .

Note that x and x2 � 37 are either oprime so both ubes or only share the

ommon divisor 37. In the latter ase in fat 37
2
� x, so we set x � 37

2u,

y � 37v in order to obtain up373u2 � 1q � v3. Sine the two fators are

oprime, they need to be both ubes. Then, as 37
3u2 and 37

3u2�1 are both

ubes, they are neessarily equal to 0 and �1, whih leads to u � 0 and so

x � y � 0.

In the former ase x and x2 � 37 are both ubes, so x2 � 37 and x2 also

are. This is only possible for x � �8, so y � �6 respetively.

Æ

Solution 2.

By the radial axes theorem for the irles, irumsribed around△BC 1C2

,

△CB1B2

and BCB1C 1

(whih is insribed, beause =BB1C � =BC 1C �

90
�

), we obtain that A1A2 passes through BC 1

X CB1

� A. Moreover,

the orthoentre Ha of triangle B1C 1A has equal powers with respet to the

irles, irumsribed around △BC 1C2

and △CB1B2

, beause B1C2B2C 1

is

insribed, so HaB
1.HaB

2

� HaC
1.HaC

2

. It follows that Ha is a seond point

on the radial axis of the two irles, irumsribed around △BC 1C2

and

△CB1B2

, so this axis is exatly the line AHa. An easy angle hasing allows

to verify that AHa passes through the entre of the irumsribed irle of

△ABC and by an analogous reasoning for the verties B and C we obtain

that this is the ommon point of A1A2, B1B2 and C1C2.
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Æ

Solution 3.

2
n
� 1. Finiteness will follow from our bound, but it an also be proved

diretly with muh less e�ort (by indution, then assuming the ontrary

and onsidering a long interval between two tokens). Note �rst that the

dynamis is reversible, so one an go bak to the starting point from every

on�guration reahed by reverting eah step. Let lpnq be the largest integer

(possibly in�nite) on whih a token an be plaed.

We �rst show lpnq ¤ 2
n
� 1 by indution. The base n � 1 is trivial.

Let X � Nzt0u be a on�guration reahable with n tokens (we assume

Conours "Minko Balkanski" 2 2018



without loss of generality that they are all plaed on the table). Denote

X � tx0
1
, . . . , x0nu with x0

1
  . . .   x0n, X0 � X Y t0u and set x0

0
� 0.

By reversibility there exists i suh that x0i�1
� x0i � 1 (otherwise there is

no possible move). Then X1 � Xztx0i�1
u is also reahable. We denote

X1 � t0, x1
1
, . . . , x1n�1

u still ordered and extend this notation to the Xk

to ome. More generally, if there are k tokens in Laure's poket and the

other n � k have been plaed on Xkzt0u, by reversibility it is possible to

remove some token from the board �rst � the one on xki�1
, say. But then

it is possible to reah xki�1
without moving any of the tokens on the table

using the k tokens from the poket. By de�nition this is possible only if

xki�1
� xki ¤ lpkq � 1. We then set Xk�1 � Xkztx

k
i�1
u. We ontinue in the

same spirit up to Xn � t0u.

Now notie that

¸

j

�

xkj�1 � xkj

	

¤

¸

j

�

xk�1

j�1
� xk�1

j

	

� lpkq � 1 ,

so

maxX � xn �
¸

px0j�1
� x0j q ¤

¸

plpkq � 1q �

¸

2
k
� 2

n
� 1 .

Hene, lpnq ¤ 2
n
� 1. It is not hard to follow the equalities in the proof

above to see that the ase of equality is indeed reahed (only) for X �

t2
n�1, 2n�1

� 2
n�2, . . . , 2n� 1u and the strategy above read bakwards gives

a (reursive) way to reah X. More preisely, Laure uses n � 1 tokens to

plae the n-th on 2
n�1

and removes them afterwards as they were plaed.

She then uses n�2 tokens starting at 2
n�1

to put the last one on 2
n�1

�2
n�2

,

she removes the n� 2 and so on. Thus, lpnq � 2
n
� 1.

Remark. Let us metion that the problem �rst appeared in Chung-Diaonis-

Graham, 2001.

Æ

Solution 4.

For two losed intervals I and J of r0, 1s we write I ÝÑ J if f pIq � J and

say that f pIq overs J . We know that f ats on the set tx3, f px3q, f pf px3qqu

as a yle of length 3. Up to replaing x3 by f px3q or f pf px3qq we may

assume that either x3   f px3q   f pf px3qq or x3 ¡ f px3q ¡ f pf px3qq. We

shall assume that the former hain of inequalities holds and this is without

loss of generality, as we may replae f by f̃ de�ned by f̃pxq � 1� f p1� xq

(one still has that 1 � x3 is of exat period 3). Under this assumption,

setting I1 :� rx3, f px3qs and I2 :� rf px3q, f pf px3qqs, one gets I1 ÝÑ I2 and

I2 ÝÑ I1 Y I2. We shall need the following Lemma.

Lemma. Let I and J be two losed intervals suh that I ÝÑ J . Then there

exists a losed interval I 1 � I suh that f pI 1q � J .

Conours "Minko Balkanski" 3 2018



Proof. Let J � ra, bs. Let x0, y0 P I be suh that f px0q � a and f py0q �

b. For de�niteness we assume that x0   y0, the other ase being treated

identially. Set x � maxtx1 P I, y0 ¥ x1 ¥ x0, f px
1

q � au and y � minty1 P

I, y0 ¥ y1 ¥ x, f py1q � yu, whih exist by ontinuity. We laim that I 1 �

rx, ys does satisfy f pI 1q � J . Indeed, f pI 1q � J by the intermediate value

theorem. Moreover, if there exists y ¡ x1 ¡ x with f px1q   a, then by

the intermediate value theorem there exists y0 ¡ y ¡ x2 ¡ x1 suh that

f px2q � a, whih ontradits the de�nition of x. One proves similarly that

it is not possible to have f py1q ¡ b for any x   y1   y, whih ompletes the

proof of the Lemma.

We will now use this Lemma to prove onlude the solution. Reall that

I1 ÝÑ I2, I2 ÝÑ I2 and I2 ÝÑ I1. By the intermediate values theorem we

know that f pxq�x must attain the value 0, so there exists a �xed point of f .

Fix n ¥ 2. We have I1 ÝÑ I2 ÝÑ I2 ÝÑ . . . ÝÑ I2 ÝÑ I1, where we have

n overings. Thus, by simple indution using the Lemma, we see that there

exists a sequene pJkq0¤k¤n of losed intervals suh that J0 � I1, Jn � I1,

f pJnq � Jn�1 and for all k   n we have Jk � I2 and f pJkq � Jk�1. This

implies that f �npJnq � J0 � I1 � Jn, so f �n has a �xed point in the interval

Jn (we already observed that a ontinuous funtion from a losed interval

to itself has a �xed point). Moreover, �k P t1, 2, . . . , n � 1u, f �kpJnq � I2,

whih is disjoint with I1, so the �xed point of f �n is a periodi point of exat

period n for f , whih onludes the proof.

Remark. The result is a partiular ase of a theorem of Sharkovsky.

Æ
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